Inspired by work surrounding Igusa's local zeta function, we introduce topological representation zeta functions of unipotent algebraic groups over number fields. These group-theoretic invariants capture common features of established p-adic representation zeta functions associated with pro-p groups derived from unipotent groups. We investigate fundamental properties of the topological zeta functions considered here. We also develop a method for computing them under non-degeneracy assumptions. As an application, among other things, we obtain a complete classification of topological representation zeta functions of unipotent algebraic groups of dimension at most six.
Introduction
Enumerating representations. Representation zeta functions of groups are Dirichlet series enumerating irreducible finite-dimensional complex representations up to suitable notions of equivalence. For instance, given a group G, let r n (G) be the possibly infinite number of irreducible representations G → GL n (C) counted up to equivalence of representations in the usual sense; if G is a topological group, then we only consider continuous representations. For various interesting classes of groups, it turns out that the numbers r n (G) are polynomially bounded as a function of n. For such groups, we may then consider the representation zeta function ∞ n=1 r n (G)n −s , where s is a complex variable. A part of the theory of representation growth, the study of such zeta functions is an active area, see [17, 38] for surveys. Among the classes of groups of major interest are arithmetic groups associated with semisimple algebraic groups [18, 20] , compact p-adic analytic groups [2, 16] , as well as nilpotent and unipotent groups [15, 35] .
Representation zeta functions of nilpotent and unipotent groups: twisting. For a finitely generated infinite nilpotent group G, the number r 1 (G) is infinite. Hrushovski and Martin [15] (first version, 2006) studied "twist-isoclasses" of representations. Here, two representations 1 , 2 : G → GL n (C) of an arbitrary group G are twist-equivalent if 1 is equivalent to α ⊗ C 2 in the usual sense for a 1-dimensional representation α : G → C × ; for a topological group G, we require 1 , 2 , and α to be continuous. Twist-equivalence classes of representations are called twist-isoclasses. Letr n (G) denote the number of twist-isoclasses of (continuous) irreducible representations G → GL n (C). If G is finitely generated nilpotent or the pro-p completion of such a group, then ther n (G) are polynomially bounded and the representation zeta function of G is
Such zeta functions were studied in [37, §3.4] and [15, §8] . Denoting the pro-p completion of a finitely generated nilpotent group G byĜ p , a central theme in both cited sources is the behaviour of ζĜ p (s) under variation of p. Extending [37, §3.4 ], Stasinski and Voll [35] studied representation zeta functions enumerating twist-isoclasses of groups arising from unipotent group schemes. This is essentially the point of view taken here.
Previously considered types of topological zeta functions. Classical topological zeta functions are singularity invariants of hypersurfaces. Given f ∈ Z[X 1 , . . . , X n ], the topological zeta function of f was first defined by Denef and Loeser [7] by means of a limit "p → 1" applied to Igusa's p-adic zeta function associated with f . Later, the topological zeta function of f was reinterpreted within the framework of motivic integration [8] . Not only do topological zeta functions retain crucial features of their p-adic ancestors (see [7, Thm 2.2] ), they have also been found to be more amenable to both theoretical investigations and explicit computations, see e.g. [19, 24] for some recent developments.
Using connections between subgroup and subring zeta functions and p-adic integration going back to [14] , topological subalgebra and subgroup zeta functions of Lie algebras and nilpotent groups, respectively, were introduced by du Sautoy and Loeser [11] . In [28, 29] , the author developed systematic means of computing these zeta functions in favourable situations. Substantial evidence indicates that they possess remarkable properties which are not present in the hypersurface case, see [28, §8] .
Topological representation zeta functions of unipotent groups. The purpose of the present article is to initiate the study of topological representation zeta functions and to establish them as interesting group-theoretic invariants that deserve further attention.
First, after recalling some key results from [35] in §2, given a unipotent algebraic group G over a number field k, we define the topological representation zeta function ζ G,top (s) ∈ Q(s) of G in §3 using p-adic formulae from [35, 37] and ideas from [7] . For a brief and informal sketch, suppose that k = Q and choose an arbitrary Z-form G of G as an affine group scheme. Then for sufficiently large primes p, each G(Z p ) is a pro-p group whose representation zeta function ζ G(Zp) (s) enumerating twist-isoclasses is defined as above, where Z p denotes the p-adic integers. Informally, we then define ζ G,top (s) to be the constant term of ζ G(Zp) (s) as a series in p − 1. As an example, a Z-form of the Heisenberg group, H say, over Q is given by Having rigorously defined topological representation zeta functions, we establish some of their basic properties in §4. Perhaps most interestingly, we find that they always have degree zero in s. In contrast, the degrees of topological zeta functions of polynomials can vary wildly, and the degrees of topological subalgebra zeta functions are only understood conjecturally, see [28, Conj. I] . Along the way, we also briefly consider topological representation zeta functions attached to perfect Lie algebras in the spirit of [2] .
H(R)
Computations (largely ad hoc) of p-adic representation zeta functions of various nilpotent groups can be found in the theses of Ezzat [12] and Snocken [32] . Being derived from p-adic zeta functions, we expect topological representation zeta functions to be more easily computable than the former. Indeed, building on the author's previous work [28, 29] , in §5, we develop a method for directly computing topological representation zeta functions at least under additional hypotheses. With this method at our disposal, in §6, we provide numerous examples of topological representation zeta functions, including a complete classification in dimension six (see Table 1 , p. 26). As a result of our work, our knowledge of specific examples of topological representation zeta functions associated with unipotent groups far exceeds the p-adic case. Finally, in §7, we discuss open questions that arose from remarkable patterns exhibited by the known examples of topological representation zeta functions.
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Local representation zeta functions
We explain how unipotent algebraic groups give rise to pro-p groups. We then recall a result from [35, 37] on the shapes of the representation zeta functions of these groups.
Basic facts on unipotent groups over number fields
Unipotent algebraic groups. The following is folklore, see [5, Ch. IV, §2] and [22, Ch. XV] . Let F be a field. By an F -group, we mean an algebraic group over F . As a non-intrinsic characterisation of unipotence, we say that an F -group is unipotent if for some n 1, it is isomorphic to an algebraic subgroup of the F -group of upper unitriangular n × n-matrices for some n. If F is perfect, then a connected linear F -group is unipotent if and only if it admits a central series of closed algebraic subgroups whose non-trivial factors are F -isomorphic to the additive group.
Let F have characteristic zero. Given a finite-dimensional nilpotent Lie F -algebra g, the Baker-Campbell-Hausdorff series associated with g is a polynomial. Using it, we may endow G(A) := g ⊗ F A with a group structure for each commutative F -algebra A. The functor A → G(A) is represented by a unipotent F -group which we again denote by G. The construction of G from g is functorial and g → G furnishes an equivalence between the categories of finite-dimensional nilpotent Lie F -algebras and unipotent F -groups; a quasi-inverse is given by the usual functor taking an algebraic group to its Lie algebra.
Notation for number fields and their places. Throughout this article, we let k denote a number field with ring of integers o. We let V k denote the set of all non-Archimedean places of k. Given v ∈ V k , we let k v denote the v-adic completion of k. We further let o v and K v denote the valuation ring and residue field of k v , respectively, and write q v = |K v |. Let p v ∈ Spec(o) be the prime ideal corresponding to v and let p v be the rational prime contained in p v . For a p-adic field K, i.e. a finite extension of the field Q p of p-adic numbers, let O K denote the valuation ring of K, let P K be the maximal ideal of O K , and write q K = |O K /P K |. We let | · | K and · K denote the usual P K -adic absolute value and maximum norm, respectively; in particular, |π|
Integral forms and Lie groups. Let G be a linear algebraic group over k. By an o-form of G, we mean an affine group scheme G of finite type over o with G ⊗ o k ≈ k G. Write GL n,R = GL n ⊗ Z R. Every k-isomorphism from G onto an algebraic subgroup of some GL n,k provides us with an o-form of G as a closed subgroup scheme of GL n,o , see [13, §1] .
is a torsion-free, nilpotent, finitely generated pro-p v group. While the family (G(o v )) v∈V k \S of topological groups depends on the choices made, it does so in a mild way. Namely, ifG is another o-form of G, then there exists a finite setS
Representation zeta functions associated with unipotent groups
We recall the setting and statement of [35, Thm A] in a form convenient for our purposes. First, we record the following elementary fact. . Let G be a finitely generated nilpotent pro-p group. Thenr n (G) < ∞ for all n ∈ N andr n (G) = O(n α ) for some real number α 0.
Proof. Since G is p-adic analytic, it has polynomial subgroup growth [9, Thm 3.19] . The proof of [35, Lemma 2.1] for the case of T -groups now carries over to the present case.
In particular, the definition of ζ G (s) given in the introduction makes perfect sense if G is any finitely generated nilpotent pro-p group. Note that since, as is well-known, finite p-groups are monomial,r n (G) = 0 only if n is a power of p. By §2.1, if G is an o-form of a unipotent k-group, then Lemma 2.1 applies to almost all of the groups G(o v ) for v ∈ V k . The following result explains the behaviour of ζ G(ov) (s) under variation of v. 
K over Q and admits meromorphic continuation to all of C. Remark 2.3. Let g be a finite-dimensional nilpotent Lie k-algebra. Choose an o-form g of g which is free as an o-module and which satisfies [g, g] ⊂ c!g, where c is the nilpotency class of g. Stasinski and Voll [35, §2.1.2] used the following o-form G of the unipotent k-group corresponding to g. Namely, for a commutative o-algebra R, define a group structure on G(R) = g ⊗ o R using the Baker-Campbell-Hausdorff series, exactly as in §2.1. The resulting group scheme G over o is unipotent in the sense of [35, §2.1.1], i.e. G is affine, smooth, and its geometric fibres are connected unipotent algebraic groups. For our purposes, we may discard finitely many places of k as needed whence the particular choice of an o-form is immaterial.
Topological representation zeta functions
In the preceding section, given a unipotent algebraic group G over k, after choosing an arbitrary o-form G of G, we obtained a family (G(o v )) v∈V k \S of groups and associated representation zeta functions. In this section, we define the topological representation zeta function of G by means of a limit "q v → 1" applied to the zeta functions ζ G(ov) (s).
Taking the limit "q → 1"
In the study of local zeta functions, we encounter families of functions of the form
. . , Y l ) and v runs over (almost all elements of) V k . In this subsection, which summarises [28, §5.1], we describe conditions on the shape of W that allow us to pass to the limit "q v → 1", denoted W below, by taking the constant term of W (q v , q −s 1 v , . . . , q −s l v ) symbolically expanded as a series in q v − 1.
Given a polynomial e ∈ Q[s 1 , . . . , s l ], using the binomial series, we formally expand
The rule f → f (X, X −s 1 , . . . , X −s l ) then extends to an embedding of Q(X, Y 1 , . . . , Y l ) into the field Q(s 1 , . . . , s l )((X − 1)) of formal Laurent series in X − 1 over Q(s 1 , . . . , s l ).
be the Q-algebra consisting of all those rational functions W ∈ Q(X, Y 1 , . . . , Y l ) satisfying the following two conditions:
(a) W can be written in the form
, e(a, b) ∈ N 0 and e(a, b) = 0 for almost all (a, b).
] is a power series in X − 1 (instead of merely a Laurent series).
Notation. In case l = 1, we just write Y = Y 1 and s = s 1 .
The following generalisation of results from [7] provides the key to defining topological zeta functions via "explicit formulae" (in the sense of [6, §3] ) such as those in Theorem 2.2. 
Proof. This follows from [28, Thm 5.12] .
The topological Euler characteristics χ(V i (C)) are taken with respect to an arbitrary embedding k → C. By interpreting these numbers as limits of [28, §5.3] ), Theorem 3.3 fits the informal description from the introduction.
Defining topological representation zeta functions of unipotent groups
Lemma 3.4. In Theorem 2.2, we may assume that
Before giving a proof of Lemma 3.4, let us use it to define topological representation zeta functions. Let G be a unipotent algebraic group over k and let G be an arbitrary o-form of G. By Theorem 2.2 and Lemma 3.4, there are o-schemes V 1 , . . . , V r (separated, of finite type), rational functions W 1 , . . . , W r ∈ M[X, Y ], and a finite S ⊂ V k such that
is an identity of analytic functions for all v ∈ V k \ S and all finite extensions K/k v . For all these v and K, the rational function
Hence, by Theorem 3.3, the following definition only depends on G and not on the choices of G or the V 1 , . . . , V r and W 1 , . . . , W r . Definition 3.5. Let G be a unipotent algebraic group over k. Let G, V 1 , . . . , V r , and W 1 , . . . , W r be as above. The topological representation zeta function of G is 
(ii) du Sautoy [10] constructed a nilpotent Lie ring g of additive rank 9 and class 2 whose ideal ideal zeta function depends on the number #E(F p ), where [32, Thm 5.4 ] computed the local representation zeta functions of a Z-form, G say, of G (in our terminology) and found them to be given by
where
Looking at Snocken's calculation, it is easy to see that at least for odd p, we may replace "Z p " by "O K " and "p" by "q K " in this identity for any finite extension K/Q p . Since χ(E(C)) = 0, we conclude that ζ G,top (s) = s/(s − 1), which coincides with ζ H,top (s) from the preceding example.
While topological representation zeta functions of unipotent groups are coarser invariants than their p-adic counterparts, note that in our example, ζ G,top (s) nonetheless retains essential analytic properties of the p-adic zeta functions ζ G(O K ) (s). Namely, if s 0 ∈ C is a pole (s 0 = 1) or zero (s 0 = 0) of ζ G,top (s), then s 0 is also a pole or zero of ζ G(O K ) (s), respectively. We note that for poles of topological zeta functions, a similar behaviour is a general phenomenon by [7, Thm 2.2] which provides a key motivation for studying topological zeta functions in the first place.
The preceding two examples are misleading in that both the underlying p-adic computations and the final results are quite simple. In general, due to the reliance (via [37, Thm 2.1]) of their proofs on the usually impractical step of constructing a principalisation of ideals, Theorem 2.2 and Lemma 3.4 do not provide us with a means of explicitly computing p-adic or topological representation zeta functions. Despite such theoretical obstacles, in §5, we develop a practical method for explicitly computing ζ G,top (s) at least in favourable situations. This will allow us to determine a substantial number of interesting examples of these zeta functions, see §6. Our computations of topological zeta functions include many examples with unknown associated p-adic zeta functions.
Proof of Lemma 3.4. First recall the main ingredients featuring in the proof of Theorem 2.2. Clearly, we may assume that G is non-abelian. As we are free to enlarge S, we may assume that G is an o-form constructed from a suitable nilpotent Lie o-algebra in 
where F (X) = X −1−n(n−1)/2 · n−1 j=2
We did not spell out the specific substitutions applied to the functions Ξ U,{1} as these are without relevance here; they will however become important in the proof of Proposition 4.5 below. By construction, the c U (q K ) are the numbers of (O K /P K )-rational points of certain quasi-projective o-schemes. Using a suitable triangulation, as indicated in the proof of [37, Prop. 2.1, pp. 1196-1197], each Ξ U,{1} (q K , . . . ) can be written as a Z-linear combination of rational functions in q K and q −s K , each of which is obtained by a monomial substitution from the generating function enumerating lattice points in a rational polyhedral cone of dimension at most #U + 1. Hence, using [29, Lem. 6.11] (with the first column of A replaced by the transpose of
whence the claim follows.
Topological representation zeta functions from perfect Lie algebras
Recall that r n (G) denotes the number of equivalence classes (in the usual sense) of continuous irreducible representations G → GL n (C) of a topological group G. It is well-known that if G is compact and p-adic analytic, then r n (G) < ∞ for all n 1 if and only if G is FAb, i.e. every open subgroup of G has finite abelianisation. In that case, let ζ irr G (s) = ∞ n=1 r n (G)n −s ; note that in contrast to ζ G (s) from above, we do not take into account twisting. In [2] , uniformity results for families of representation zeta functions ζ irr G (s) derived from a fixed global Lie lattice were obtained. We now briefly describe how associated topological zeta functions can be obtained in the same context.
Let g be a finite-dimensional perfect Lie k-algebra and choose an arbitrary o-form g of g. By [2, §2.1], there exists a finite set S ⊂ V k such that for all v ∈ V k \ S and all unramified finite extensions K/k v , we may naturally endow While the focus of the present article is on the unipotent case, we note that statements analogous to the properties of topological representation zeta functions of unipotent groups derived in §4 below also hold for the functions ζ irr g,top (s) (see Remark 4.9).
Fundamental properties
We derive some basic facts about topological representation zeta functions.
Direct products
As we will now see, it suffices to consider topological representation zeta functions of unipotent groups associated with ⊕-indecomposable nilpotent Lie algebras.
for all finitely generated nilpotent pro-p groups G 1 and G 2 .
Proof. For a topological group H, let Irr(H) denote the set of characters of its continuous, irreducible, finite-dimensional, complex representations. By reducing to the well-known case of finite groups (see e.g. [27, 8.4 .2]), we obtain a bijection
.
Base extension
Passing from p-adic to topological representation zeta functions removes the possibly very subtle arithmetic dependence on the defining number field k indicated by Theorem 2.2.
Proposition 4.3. Let G be a unipotent k-group, letk/k be a finite extension, and let G be thek-group obtained from G via base extension. Then ζ G,top (s) = ζG ,top (s).
Proof. Immediate from the stability under base extension in Theorem 2.2.
We may thus unambiguously define the topological representation zeta function of a unipotent algebraic group over an algebraic closure of Q to be that of an arbitrary k-form for a suitable number field k.
Restriction of scalars
Let resk /k (−) denote Weil restriction from affinek-groups to affine k-groups.
Proposition 4.4. Letk/k be an extension of number fields and letG be a unipotent
Proof. Let l be a normal closure ofk over k and let Σ be the set of k-embeddingsk → l; note that #Σ = |k : k|. For σ ∈ Σ, letG σ be the l-group obtained fromG by base change 
Behaviour at infinity
If G is a finitely generated nilpotent pro-p group, then lim s→+∞ ζ G (s) =r 1 (G) = 1. This entirely trivial fact on the p-adic side survives passing to topological zeta functions:
Remark 4.6. Unlike, say, Corollary 4.2, Proposition 4.5 is not merely a formal consequence of the analogous p-adic statement. As an illustration, consider
For q > 1, we have W (q, q −s ) → 1 as s → +∞ and yet, the associated "topological zeta function" W = Proof of Proposition 4.5. Let G be non-abelian. We continue to use the setting and notation from the proof of Lemma 3.4. We often suppress references to the set I from [37, §2.1] and its elements as I = {1} is fixed. Using the triangulation argument from above and noting that F = 1 (n−1)! , we may write
is obtained from the generating function enumerating lattice points within C a U by applying a certain specialisation derived from the one mentioned (but not yet spelled out) above. As in the proof of [29, Lem. 6.11] , it suffices to sum over those a ∈ A U with dim(C a U ) = #U + 1 in (4.1). Moreover, it is explained in the proof of [29, Lem. 6.11] how to read off the denominator of each remaining W a U from the extreme rays of C a U and the given univariate specialisation. The remainder of the proof is devoted to showing that deg s ( W a U ) < 0 for all U and a whence the claim follows from (4.1). As each full-dimensional cone C a U contains a vector whose last component is positive, it suffices to prove the following: In order to establish ( ), we need to consider the relevant specialisations in detail. We first recall a description of the p-adic integrals giving rise to the Ξ U in (3. 
where y 1 denotes the first column of y ∈ GL n (O K ) and µ K is the normalised Haar
. In contrast to [35, 37] , we omitted the factor
2). Indeed, F 0 (y 1 ) K = 1 trivially and, moreover, after excluding finitely many places of k as in [37, p. 1215] , since y 1 ≡ 0 mod P K , the set F 1 (y 1 ) always contains a P K -adic unit whence also F 1 (y 1 ) ∪ xF 0 (y 1 ) K = 1. We next observe that for y outside of the zero locus (of measure zero) of
To finish the proof, we consider the effect of our univariate specialisation on Ξ U . Let (m u ) u∈U and (n i ) i∈I = (n 1 ) as in [37, Eqn (9) 11] . We thus allow m u ∈ N 0 in the following but we still insist that n 1 is positive-indeed, as explained above, we only need to consider full-dimensional cones within R U 0 × R 0 and these always admit an extreme ray intersecting R U 0 × R >0 . Having fixed the m u and n 1 , by applying our univariate specialisation to the exponent on the right-hand side of [37, Eqn (9)], we obtain a polynomial, e ∈ Z[s] say, of degree at most 1. By definition of the numbers N uκι in [37, Eqn (8) , p. 1192], the same estimate that we used to establish that Z (s) → 0 for Re(s) → ∞ shows that e always has degree precisely 1. This implies that ( ) is satisfied and completes the proof. 
Location of poles
The following consequence of the proof of Proposition 4.5 is again analogous to the p-adic case which is proved in [32, Thm 4.24] (and also stated as [12, Thm 5.4.1]) for groups of nilpotency class 2 and k = Q; our proof implicitly also covers the p-adic case without any of these two restrictions. 
Computing topological representation zeta functions
At this point, we have encountered but one non-trivial example of a topological representation zeta function of a unipotent group, namely s s−1 which arises from both Q-groups in Example 3.6. In both cases, we used p-adic computations to derive topological formulae. We now devise a method for computing topological representation zeta functions of unipotent groups directly, i.e. without resorting to a full p-adic computation. As in the p-adic realm and the cases of previously studied types of topological zeta functions, a general method for computing these functions seems to invariably rely on some variation of resolution of singularities. In order to nonetheless be able to carry out explicit computations, we primarily rely on algebro-geometric genericity conditions which may or may not be satisfied in specific situations. Despite these theoretical limitations of our method, numerous previously unknown examples of topological zeta functions (see §6) demonstrate its value. Our method adapts and extends the core ingredients from [28, 29] .
Representation data and zeta functions of unipotent groups
In this subsection, we introduce representation data. These objects provide a convenient way of encoding certain types of p-adic integrals, in particular those describing local representation zeta functions attached to unipotent groups as in [35, 37] .
Representation data. We first recall some notions from convex geometry. By a cone in R n , we always mean a polyhedral one. As in [28, §3.1], a half-open cone in R n is a set C 0 = C \ (C 1 ∪ · · · ∪ C r ) for a cone C ⊂ R n and faces C 1 , . . . , C r ⊂ C. We say that C 0 is rational if C is rational in the usual sense or if C 0 = ∅. Define the dual of a set A ⊂ R n by A * := {ω ∈ R n : α, ω 0 for all α ∈ A}, where ·, · denotes the standard inner product. The dual of a finite union of rational half-open cones is a rational cone.
Definition 5.2. A representation datum over k (in n variables) is a quadruple
consisting of
By minor abuse of notation, we consider the specifications of the distinguished sets C δ 0 and F i to be part of the definition of a representation datum. In the following, we always assume that 0 ∈ F and (∞, ∞) ∈ Λ. We write F ∞ = {0} and let α ∞ : F ∞ → Z n with α ∞ (0) = 0.
Associated integrals. For a non-Archimedean local field K, let ν K denote the valuation on K with ν K (K × ) = Z. We let | · | K denote the absolute value on K defined by |x| K = q
. If R is a commutative ring, identify T n (R) = (R × ) n . If A ⊂ K is finite and non-empty, we again write A K = max(|a| K : a ∈ A). Recall that F ∞ = {0} and α ∞ = 0. For a p-adic field K ⊃ k, define the "zeta function"
where s = (s λ ) λ∈Λ consists of complex variables and µ K is the normalised Haar measure.
Remark 5.5.
(i) By Proposition 5.8 below, if f ∈ k[D * ∩ Z n ] and x ∈ D(K), then, unless o ∩ P K belongs to a finite exceptional set, we have |f (x)| K 1. Hence, the assumption
2 guarantees the finiteness of (5.1) at the very least when Re(s λ ) 0 for all λ ∈ Λ.
(ii) Note that Z R K (s) only depends on the setsF i := X α i F i and not on the F i themselves. Conversely, givenF 1 , . . . ,F m ⊂ k[D * ∩ Z n ], there are various ways of writinĝ F i = X α i F i for F i and α i as above. In Theorem 5.10, we will derive an explicit formula for a topological zeta function associated with Z R K (s) under non-degeneracy assumptions on F = F 1 ∪ · · · ∪ F m . The advantage of representingF i by a pair (F i , α i ) is that by carefully choosing the latter, we may be able to produce overlaps between the F i and resolve a seemingly degenerate situation.
Connection with representation zeta functions. Our interest in representation data is due to the following result which also explains our choice of terminology. 
for all v ∈ V k \ S and all finite extensions K/k v . Moreover, we may assume that
) and that F consists of homogeneous polynomials.
We already made implicit use of the main ingredients of Theorem 5.6 in the proof of Proposition 4.5 even though the integrals there were of a slightly different shape, see [2, §4.1.3] . Of course, our formalism of representation data did not feature in [35, 37] , but it is easy to interpret their integrals as specialisations of (5.1 
where s = (s λ ) λ∈Λ ; the "(−1)' in (−1)-expandability reflects the exponent on the left-hand side of (5.2). If R is (−1)-expandable, then Theorem 3.3 allows us to unambiguously define the topological zeta function associated with R to be 
Integer-valued Laurent polynomials
The techniques for computing with p-adic integrals developed in [28, 29] and extended here have their origin in toric geometry. The appearance of the algebra k[D * ∩ Z n ] in Definition 5.2 is therefore perhaps not surprising since k[C * ∩ Z n ] is the coordinate ring of the affine toric k-variety attached to a rational cone C ⊂ R n (see [3, Thm 1.
2.18]).
We now derive a simple arithmetic characterisation of k[C * ∩ Z n ] which, in particular, implies the finiteness of the integrals in Definition 5.4 at least for Re(s λ ) 0.
Let f ∈ k[X ±1 ] and write f = α∈Z n c α X α , where c α ∈ k, almost all of which are zero. Recall that the support of f is supp(f ) := {α ∈ Z n : c α = 0}. The convex hull of supp(f ) ⊂ R n is the Newton polytope New(f ) of f . For a p-adic field K ⊃ k and
n ], and let C ⊂ R n be a rational cone. Then the following are equivalent:
(ii) There exists a finite set S ⊂ V k such that f is integer-valued on C(K) (see Notation 5.3) for all v ∈ V k \ S and all finite extensions K/k v .
Proof. Let f = 0. For c ∈ K, α ∈ Z n , and x ∈ T n (K) with ν K (x) = ω, we have ν K (cx α ) = ν K (c) + α, ω . Hence, if (i) holds and the coefficients of f are v-adic integers for v ∈ V k , then f is integer-valued on C(K) for all finite extensions K/k v . Suppose that (ii) holds. Choose v ∈ V k \ S such that all non-zero coefficients of f are v-adic units and let ω ∈ C ∩ Z n . Then the initial form
0 whence New(f ) ⊂ {ω} * since α, ω β, ω for β ∈ supp(f ). Thus, New(f ) ⊂ ({ω} * : ω ∈ C ∩Z n ) =: ∆. Clearly, C * ⊂ ∆. By rationality, C is spanned by certain non-zero δ 1 , . . . , δ r ∈ Z n whence C * = {δ 1 } * ∩ · · · ∩ {δ r } * ⊃ ∆.
Reminder: computing topological subobject zeta functions
We now briefly recall a high-level description of [29, Alg. 4 .1] which seeks to compute the topological zeta function associated with a "toric datum" [29, Def. 3 .1] T 0 and a substitution matrix β. Toric data are similar to the representation data considered here in that they contain convex-geometric and algebraic ingredients and that they give rise to associated p-adic integrals and topological zeta functions. Our method for computing topological representation zeta functions (under suitable non-degeneracy conditions) in §5.4 is built around the same core ingredients as [29, Alg. 4.1] .
At the heart of [29, Alg. 4.1] lies a loop devoted to manipulating two collections of toric data: unprocessed ones which need further investigation and "regular" [29, §5.3] ones whose topological zeta functions can be computed explicitly using [28] . At first, T 0 is the sole member of the unprocessed collection and the regular one is empty.
The aforementioned loop proceeds by successively removing a toric datum, T say, from the unprocessed collection. If T fails to be "balanced" [29, §5.2], a finite collection of derived balanced toric data is constructed and added back to the unprocessed collection, whereupon execution of the loop starts again. If T is balanced but not regular, then a "reduction step" [29, §7.3] attempts to construct a finite collection of toric data derived from T which are then added to the unprocessed collection, just as in the balancing step-it is at this point that the procedure is allowed to fail. Finally, if T is found to be regular, it is simply added to the regular collection. An intermediate step is concerned with "simplifications" [29, §7.2] of toric data which do not change associated topological zeta functions. The aforementioned process of removing elements from the unprocessed collection and treating them as just described is repeated until we either run out of unprocessed elements or failure is indicated by the reduction step. In the case of successful conclusion of this loop, a finite collection of regular toric data has been constructed. The topological zeta function associated with each one of these (w.r.t. the matrix β) can be explicitly computed [29, §6.7] . By taking the sum of all these rational functions, we finally recover the topological zeta function associated with T 0 and β.
A method for computing topological representation zeta functions
Given a unipotent k-group G, let R be an associated representation datum (Definition 5.2) as in Theorem 5.6. In this subsection, by drawing upon [28, 29] (see §5.3), we describe a method for explicitly computing the topological zeta function Z R top (s) associated with R under various restrictions. As explained in Example 5.7, we may then read off the topological representation zeta function ζ G,top (s) of G.
Overview of the method
Special case: global non-degeneracy. We begin by sketching an important special case of our method. Given an initial representation datum R = (D, F, α, Λ) arising from a unipotent k-group G as above, suppose for the moment that F is globally non-degenerate in the sense of [28, Def. 4.2] . In order to compute ζ G,top (s), we then proceed as follows. In contrast to the computation of topological subobject zeta functions, the above method for cases of global non-degeneracy is already remarkably useful on its own. However, in order to compute all of the examples given in §6, the more involved approach explained in the following is required.
General case. In order to obtain a more powerful method which is applicable at least in some degenerate cases, we employ a more refined strategy. The high-level structure of our method coincides with [29, Alg. 4.1] as summarised in §5.3: the role of the initial toric datum T 0 in [29] is taken by an initial representation datum (obtained via Theorem 5.6 in the cases of interest to us), and the family (a λ , b λ ) λ∈Λ corresponds to the substitution matrix β from [29] . Keeping in mind Example 5. In the following, we concisely address these points while pointing to related sections of [28, 29] . With all these ingredients in place, while the resulting method is still allowed to fail in the reduction step, in the same way that [29] extended the scope of [28] , it is more powerful than the method sketched in the "special case" above which relied solely on non-degeneracy assumptions.
Balanced and regular representation data
is the sum of those c α X α for α ∈ supp(f ) = {γ ∈ Z n : c γ = 0} where α, ω is minimal; we let in ω (0) = 0.
The following is a natural substitute for the balanced and regular toric data in [29] . Henceforth, letk be a fixed algebraic closure of k.
is #G, where ω ∈ D is arbitrary.
The balancing procedure and regularity testing [29, pp. 12-13] carry over readily.
Topological evaluation
The following theorem allows us to explicitly compute the topological zeta functions associated with regular representation data satisfying the given additional assumptions.
Theorem 5.10. Let R = (D, F, α, Λ) be a regular representation datum in n variables. Suppose that D ⊂ ∂R n 0 and that each element of F is homogeneous. Then there are explicit k-varieties U G and rational functions W G ∈ M[X, (Y λ ) λ∈Λ ] indexed by subsets G ⊂ F and a finite set S ⊂ V k such that for all v ∈ V k \ S and all finite extensions K/k v ,
where· denotes reduction modulo p v of fixed but arbitrary o-models of the U G . Hence,
Remark 5.11. The assumptions on D and F in the second sentence of Theorem 5.10 are satisfied if R is obtained via Theorem 5.6. Moreover, the simplification and reduction steps below are designed to preserve these properties. Finally, the validity of the univariate substitutions from Theorem 5.6 in the sense of [28, Rem. 5.15] is also preserved at all times. Hence, starting with R from Theorem 5.6, after successful termination of the procedure explained in §5.4.1, we have indeed computed ζ G,top (s)
Proof of Theorem 5.10. We begin by stating an analogue for representation data of the explicit p-adic formula in [29, Thm 5.8] . Let R = (D, F, α, Λ) be any regular representation datum with D = ∅ and let ω ∈ D be arbitrary. For f ∈ F , choose φ(f ) ∈ supp(in ω (f )).
For G ⊂ F , let V G be the subvariety of T n k defined by the vanishing of in ω (g) for g ∈ G and the non-vanishing of f ∈F \G in ω (f ). Let (e g ) g∈G be the standard basis of R G . For λ = (i, j) ∈ Λ, define a lattice polytope
As a minor variation of [28, §3.3] , given a finite union of rational half-open cones H ⊂ R l 0 and a finite collection (Q ι ) ι∈I of lattice polytopes Q ι ⊂ H * , we obtain a unique Z H,(Qι) ι∈I ∈ Q(X, (Y ι ) ι∈I ) characterised by the identity of formal power series
A straight-forward modification of [28, Thm 4.10] now yields that for almost all v ∈ V k and all finite extension K/k v , we have
Now assume that D ⊂ ∂R n 0 and that F consists of homogeneous elements. Let N denote the Newton polytope of F . Since R is balanced, there exists a unique face τ ⊂ N such that D is contained in the normal cone N τ (N ) of N with respect to τ , cf. [29, Lem. 5.3] . By [28, Lem. 6.1(iii)], τ coincides with the Newton polytope of
. Hence, the formula for (1 − q
in the statement of the current theorem holds for
and it only remains to prove that
By [29, Lem. 6.11] and since dim C δ 0 × R >0 × R G >0 = dim C δ 0 + #G + 1, it suffices to show that dim(C δ 0 ) < n − dim(τ ) for δ ∈ ∆. Fix δ ∈ ∆ and let w 1 , . . . , w e ∈ C δ 0 be R-linearly independent for e = dim C δ 0 . As F consists of homogeneous elements, the vector (1, . . . , 1) is contained in the closure of every normal cone of N . In particular, there exists w e+1 ∈ N τ (N ) ∩ R n >0 . By convexity, C δ 0 ⊂ ∂R n 0 is contained in a single coordinate hyperplane of R n . We conclude that {w 1 , . . . , w e+1 } ⊂ N τ (N ) is linearly independent so that dim(C δ 0 ) = e < dim(N τ (N )) = n − dim(τ ).
In order to explicitly compute the Euler characteristics χ(U G (C)) and rational functions W G in Theorem 5.10, we proceed similarly to [28, §3.3] 
. This simple observation lies at the heart of the simplification and reduction steps explained in the following. It will be most convenient to describe these operations on the level of the setsF i := X α i F i . Specifically, beginning withF 1 , . . . ,F m , we will derive setsF 1 , . . . ,F m . We then obtain R by constructing F ⊂ k[X ±1 ] of minimal cardinality, F 1 , . . . , F m ⊂ F , and α i : F i → Z n withF i = X α i F i for i = 1, . . . , m. While F is only determined by (F 1 , . . . ,F m ) up to rescaling by Laurent monomials, this ambiguity not does affect questions of degeneracy, see [28, Rem. 4.3(ii) ].
Simplification. Let R = (D, F, α, Λ) andF i = X α i F i be as above. We obtainF i from F i by repeated application of the following steps. First, if f divides g within k[D * ∩ Z n ] for distinct f, g ∈F i , then we discard g fromF i . Next, if f, f ∈F i are distinct, if t, t are terms (of initial forms, if R is balanced) of f and f , respectively, and if t/t ∈ k[D * ∩ Z n ], then we are free to replace f by g := f − f t/t inF i which we do if |supp(g)| < |supp(f )|. After finitely many iterations, this procedure stops at which point we have constructed
We then construct R as previously explained. We note that in contrast to the simplification step for toric data in [29, §7.2] , in the present setting, we cannot simply discard monomials from F by modifying D.
Reduction. As in [29, §7.3] , the reduction step is a last resort (which might well fail) which is only ever attempted when a balanced and simplified representation datum R = (D, F, α, Λ) is singular (i.e. fails to be regular). Again, writeF i = X α i F i . We first construct a ⊂-minimal set G ⊂ F witnessing the failure of regularity in Definition 5.9. We assume that |F i ∩ G| 2 for some i; if no such i exists, then we give up right away. Defineα i : F i →F i , f → X α i (f ) f and note thatα i is injective since we already applied the simplification procedure. We may therefore find distinct f, f ∈α i (F i ∩ G). We next apply an algebraic transformation to each of f and f in turn, resulting in two derived representation data R + and R − . Our ultimate goal is to remove the particular cause of singularity of R corresponding to (f, f ). Specifically, given (f, f ), analogously to [29, §7.3] , we next consider pairs (t, t ) consisting of terms of in ω (f ) and in ω (f ), respectively, where ω ∈ D. Having chosen (f, f ) and (t, t ) (cf. [29, §7.3] ), let γ ∈ Z n be the exponent vector of the unique monomial in t/t . Let D ± = D ∩ {±γ} * and defineF
By proceeding as indicated above, we obtain representation data R ± = (D ± , F ± , α ± , Λ) and by construction, we have Z R top (s) = Z R + top (s) + Z R − top (s) (assuming (−1)-expandability). We then add R + and R − back to the unprocessed collection of our main procedure (see §5.3) and resume with the next iteration of its main loop. As in [29, §7.3] , there is no guarantee that the above operations will ever succeed in removing all singularities. In order to ensure termination, we again impose a bound on the total "reduction depth".
A full classification in dimension six and further examples
We now illustrate the strength of our method for computing topological representation zeta functions of unipotent groups from §5 by presenting a large number of examples computed with its help. In particular, we give a complete list of the topological representation zeta functions associated with unipotent groups of dimension at most six over an algebraic closureQ of Q. The success of our approach in these cases is in notable contrast to the computation of topological subgroup zeta functions in [28, 29] where substantial gaps remain in dimension six.
Practical matters
In order to explicitly compute topological representation zeta functions of unipotent groups using the method explained in §5, computer assistance is indispensable for all but the smallest examples. The author's publicly available package Zeta [30] for the computer algebra system Sage [36] provides an implementation of the method from §5 for unipotent Q-groups; all the examples discussed below were computed using it. We included references to associated p-adic representation zeta functions whenever we are aware of them. In all these cases, our machine computations agree with the rational functions obtained using the informal method for deducing topological zeta functions from p-adic ones from the introduction. Our automated approach therefore provides some independent confirmation of these manual computations. The majority of examples below are new in the sense that we are not aware of any previous computations of associated p-adic representation zeta functions.
Classification by dimension
Consider the problem of determining the topological representation zeta functions of unipotent k-groups of dimension at most some fixed number d as k ranges over number fields. By invariance under base extension (Proposition 4.3) and since unipotent groups in characteristic zero are in 1-1 correspondence with finite-dimensional nilpotent Lie algebras, the topological zeta functions in question are naturally indexed by nilpotent Lie algebras of dimension at most d overQ. By multiplicativity (Corollary 4.2), we may further restrict attention to ⊕-indecomposable algebras.
A complete list in dimension at most six A classification of 6-dimensional nilpotent Lie algebras over a field F of characteristic zero was first given in [23] . The number of isomorphism classes of these algebras is finite if and only if F × /(F × ) 2 is. In particular, the task of determining the topological representation zeta functions of unipotentQ-groups of dimension at most six is a finite problem. It turns out that all groups in questions are amenable to the method from §5. A complete list of the topological representation zeta functions corresponding to the 30 indecomposable nilpotent Lie algebras of dimension at most six overQ is given in Table 1 (p. 26). In the column "g", we give the names of these algebras as in [4, §4] . For half of the Lie algebras in Table 1 , associated p-adic representation zeta functions have been previously computed. In cases where the author is aware of such computations, the column "p-adic reference" in Table 1 points to these p-adic results.
The column "wt" provides a measure of the "algebro-geometric complexity" of the computation of the respective topological zeta function. In detail, by the weight of a representation datum (D, F, α, Λ) , we mean the number f ∈F (|supp(f )| − 1) 0. In particular, the weight of (D, F, α, Λ) is zero precisely when F consists entirely of Laurent monomials. The weights given in Table 1 are those of the initial representation data constructed using Theorem 5.6 (w.r.t. a suitable choice of a basis of g).
In the case of weight 0, the computation of topological representation zeta functions via Theorem 5.10 is purely combinatorial and immediately reduces to computing the topological incarnation of a single rational function Z H,(Qι) ι∈I from the proof of Theorem 5.6. While this case might be devoid of algebraic geometry, it can easily be computationally expensive due to the large number of case distinctions and subdivisions of cones involved.
Further examples
To the author's knowledge, seven is the largest dimension for which a complete classification of nilpotent Lie C-algebras is known; see [21] for a recent comparison, including some corrections, of such classifications. Beginning in dimension seven, infinite families of pairwise non-isomorphic nilpotent Lie algebras appear over C and overQ whence the above reduction to a finite computation no longer applies. In addition, there are 7-dimensional nilpotent LieQ-algebras which are not amenable to our method. Despite these limitations, we can compute a large number of interesting examples of topological representation zeta functions of unipotentQ-groups of dimension seven and beyond, and Table 2 (p. 27) includes a selection of these. To the author's knowledge, no p-adic representation zeta functions are known for any of the examples in Table 2 . The first batch of Lie algebras in Table 2 is taken from [31] . The algebras N
8,d i
are taken from the lists of 8-dimensional Lie C-algebras of class 2 with d-dimensional centre in [26, 39] . The remaining algebras in Table 2 are obtained from algebras in Table 1 Table 2 show that this is not generally true for the operation g → g[ε] (but see Question 7.3 below). For yet more examples, we refer the reader to the database of topological representation zeta functions included with [30].
Open questions
Based on our experimental evidence, we state some open questions which might provide interesting avenues for future research. Throughout, let G be a non-abelian unipotent k-group. All examples of topological representation zeta functions that we computed are consistent with Questions 7.1-7.5 below having positive answers; using the explicit p-adic formulae from [35, Thm B] , this includes examples in much higher dimensions than those covered by Tables 1-2. By Corollary 4.7, ζ G,top (s) has degree zero in s. In contrast, no explanation of the observed degrees seems to be known for topological subalgebra zeta functions, see [28, §8] ; note that in the enumeration of subalgebras, passing from p-adic to topological zeta functions involves an additional transformation [28, Ex. 5.11(iii), Def. Table 2 have ω-invariant 
